We define a notion of Haagerup property for measure preserving standard equivalence relations. Given such a relation R on X with finite invariant measure µ, we prove that R has the Haagerup property iff the associated finite von Neumann algebra L(R) (see [4] ) has relative property H in the sense of Popa with respect to its natural Cartan subalgebra L ∞ (X, µ). We also prove that if G is a countable group such that R = R G has the Haagerup property and if R is ergodic, then G cannot have Kazhdan's property T.
Introduction
The Haagerup property (or a-T-amenability) for locally compact, second countable groups turns out to be very useful. See [1] , for instance. Let us recall that such a group G has the Haagerup property if there exists a sequence of positive definite functions (ϕ n ) on G such that:
(a) for every n, ϕ n ∈ C 0 (G); (b) ϕ n → 1 uniformly on compact subsets of G.
In [6] , S. Popa defines a Haagerup approximation property for pairs A ⊂ M where M is a type II 1 factor and A is a von Neumann subalgebra of M . He proves the following striking result: M can have at most one Cartan subalgebra A (up to conjugation by some unitary u ∈ M ) satisfying a combination of rigidity and Haagerup approximation properties. Thus, identifying A with L ∞ (X, µ), there is an essentially unique standard equivalence relation R on X such that M is its associated factor under the construction of Feldman and Moore [3, 4] .(We recall below the precise construction of [4] and its relevant properties.) We think it interesting to read Haagerup property on the equivalence relation itself. The principal goal of the present note is to propose a definition of the Haagerup property for an equivalence relation and to prove that it corresponds to the relative property at the level of their von Neumann algebras A ⊂ M .
Let (X, B, µ) be a standard probability space and let R ⊂ X × X be a countable standard equivalence relation on X in the sense of [3] , from which we keep some notations.
R is a Borel subset of X × X, we write x ∼ y for (x, y) ∈ R, we denote by π l (x, y) = x and π r (x, y) = y the left and right projection maps from R onto X respectively, and we denote by C the σ-algebra of Borel subsets of R. θ : (x, y) → (y, x) is the "flip" on R, and, for every x ∈ X, R(x) = {y ∈ X; x ∼ y} is the equivalence class of x and is at most countable. For any Borel subset B of X, R(B) = x∈B R(x) denotes the saturation of B. We assume that R is non singular with respect to the measure µ : if B is a Borel subset of X, then µ(B) = 0 if and only if µ(R(B)) = 0. As π l and π r are countable-to-one maps, there are Borel partitions (C k ) k≥1 and (D k ) k≥1 of R such that:
(1) C 1 = D 1 = ∆, the diagonal of R;
(2) for every k, the restriction of π l to C k and the restriction of π r to D k are one-to-one, and their ranges X k = π l (C k ) and Y k = π r (D k ) are Borel sets.
This implies the existence of σ-finite measures ν l and ν r on R given by:
for every C ∈ C and ν r = ν l • θ. We assume that µ is invariant under R, which means that ν r = ν l . Thus, one has for every integrable function f on R:
We recall now a definition from [8] which makes sense for measure groupoids, but we restrict it to the particular case of equivalence relations: Definition 1.1 Let R be as above and let ϕ : R → C be a bounded Borel function. Then ϕ is positive definite if, for every x ∈ X, for all x 1 , ..., x n ∈ R(x) and all λ 1 , ..., λ n ∈ C, one has n i,j=1
Remark. This means that for every x, the functionφ x on R(x)×R(x) defined byφ x (y, z) = ϕ(y, z) is a positive definite kernel.
Let us now introduce a definition of the Haagerup property for such equivalence relations: Definition 1.2 Let R be a measure preserving equivalence relation as above. We say that R has the Haagerup property if there exists a sequence of positive definite functions (ϕ n ) n≥1 on R with the following properties:
(a) for every n ≥ 1 and for every ε > 0, ν({(x, y) ∈ R ; |ϕ n (x, y)| ≥ ε}) < ∞; (b) ϕ n | ∆ ≤ 1 ∀n and ϕ n converges to 1 ν-a.e..
It will be proved in the next section that the Haagerup property does not depend on µ but only on its class.
The rest of the article is organized as follows: In Section 2, we prove our main result: R has the Haagerup property iff the Feldman-Moore pair L ∞ (X) ⊂ L(R) has the relative property H of Popa. In Section 3, on the one hand, the main result is applied to prove that the Haagerup property for R is equivalent to the existence of a suitably proper conditionally negative definite function. On the other hand, Theorem 1 of [3] asserts that every standard equivalence relation comes from the action of some countable group G:
However, except when the action is free, there is no simple relationship between the Haagerup property for G and the corresponding property for R G . We address this problem in the second part of Section 3 where we prove that if R = R G is ergodic then G cannot have Kazhdan's property T.
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The main theorem
Let (X, µ) be a standard space and let R ⊂ X × X be a µ-preserving standard equivalence relation on X as in the previous section. By the main results of [4] , there is a bijective correspondence between equivalence relations (and 2-cocycles with values in T) and suitable pairs of von Neumann algebras with separable predual. More recently, S. Popa introduced a Haagerup property for pairs of finite von Neumann algebras, and we intend to show that our definition of the Haagerup property for equivalence relation gives Popa's property for the associated pair of algebras. To do that, we need to recall definitions and results from [4] and [6] .
Let R be a measure preserving standard equivalence relation and let s be a normalized 2-cocycle on R: s is a Borel T-valued map on the set R 2 = {(x, y, z) ; x ∼ y ∼ z} and (a) s(x, y, z) = 1 as soon as |{x, y, z}| ≤ 2;
A Borel function a : R → C is a finite function if
(1) a is bounded;
(2) there is a positive integer n such that for all x, y ∈ X, |{z ∈ R(x) ; a(x, z) = 0}| + |{z ∈ R(y) ; a(z, y) = 0}| ≤ n.
Set also a * (x, y) = a(y, x). Then it is still a finite function. Every finite function a defines a bounded linear operator l s (a) on L 2 (R, ν) as follows:
where ξ ∈ L 2 (R, ν) and (x, z) ∈ R. If a and b are finite, then the following function a · b is still finite:
Moreover, one has:
We denote by L(R, s) the von Neumann algebra generated by {l s (a) ; a finite}. Every element a of L ∞ (X) gives rise to the finite function a(x, y) which is equal to a(x) if y = x and to 0 otherwise. Thus, the action of such a function a on ξ ∈ L 2 (R, ν) is:
Observe also that ξ 0 = χ ∆ is a vector of norm 1 in L 2 (R, ν) and it is a trace vector on L(R, s): the linear form τ (x) = xξ 0 , ξ 0 , ∀x ∈ L(R, s) is a normal, normalized faithful trace on L(R, s), and l s (a)ξ 0 = a for every finite function. When s = 1 is the trivial 2-cocycle, we write L(R) instead of L(R, 1) and we set l = l 1 . For proofs and further details on that, see [4] . Thus, this construction associates to (R, s)
where A is a Cartan subalgebra of N : this means that A is a maximal abelian *-subalgebra of N , that its normalizer N (A) = {u ∈ U (N ) ; uAu * = A} generates N and that there exists a conditional expectation E A from N onto A (namely the unique τ -preserving conditional expectation).
Conversely, Theorem 1 of [4] states that if A ⊂ N is a pair as above, then there exists a unique (up to isomorphism) measure preserving equivalence relation R on a standard space (X, µ) and a cocycle s such that A ∼ = L ∞ (X) and N = L(R, s). (In fact, N need not be finite, but we are only interested in this case here.)
Let us now recall the prerequisites from [6] which are needed to define the relative property H for pairs of finite von Neumann algebras. Let N be a finite von Neumann algebra with a fixed normal, normalized, faithful trace τ and let 1 ∈ A ⊂ N be a von Neumann subalgebra. We assume henceforth that N has separable predual (equivalently, N is a von Neumann subalgebra of B(H), where H is a separable Hilbert space). One takes H = L 2 (N, τ ), and let ξ 0 be the trace vector characterized by τ (x) = xξ 0 , ξ 0 for every x ∈ N . We denote by N, A the von Neumann algebra acting on L 2 (N, τ ) generated by N and by the orthogonal projection
Notice that e A is given by e A (xξ 0 ) = E A (x)ξ 0 for every x ∈ N , where E A is the unique τ -preserving conditional expectation from N onto A. Since e A xe A = E A (x)e A for every x ∈ N and
follows that N, A is the weak closure of sp{xe A y ; x, y ∈ N } and e A N, A e A = Ae A , and it is also equal to JA J, where J is the canonical conjugation defined by J(xξ 0 ) = x * ξ 0 , ∀x ∈ N . In particular, N, A is a semifinite von Neumann algebra and there exists a unique normal, semifinite trace T r on N, A satisfying T r(xe A y) = τ (xy) ∀x, y ∈ N . Let also J ( N, A ) be the norm closed twosided ideal generated by the finite projections of N, A ; an operator T ∈ N, A belongs to J ( N, A ) if and only if all the spectral projections e ε (|T |) corresponding to intervals [ε, ∞), ε > 0, are finite projections in N, A . Finally, we denote by J 0 ( N, A ) the norm closed two-sided ideal of N, A generated by e A .
Let φ : N → N be a completely positive linear map such that τ • φ ≤ τ ; then it extends to a bounded operator
If moreover φ is A-bimodular (i.e. if φ(ax) = aφ(x) and φ(xa) = φ(x)a for all x ∈ N and all a ∈ A), then T φ belongs to A ∩ N, A .
We are then ready to recall Definition 2.1 of [6] : Let N and A be as above; N has the property H relative to A if there exists a normal, normalized, faithful trace τ on N and a sequence (φ n ) of normal, completely positive A-bimodular maps on N satisfying the following conditions:
Furthermore, if A ∩ N ⊂ A, it follows from Proposition 2.2 of [6] that each φ n may be chosen so that
Our main result is: Theorem 2.1 Let R be a measure preserving standard equivalence relation on (X, µ).
(1) Let s : R → T be a normalized Borel 2-cocycle. If R has the Haagerup property then L(R, s) has the property H relative to A.
(2) Assume that L(R, s) has the property H relative to A for some cocycle s. Then R has the Haagerup property.
, it is contained in N, A and it contains the projection e A which is the pointwise multiplication by χ ∆ .
The proof of part (1) of Theorem 2.1 requires two lemmas.
Lemma 2.2 Retain notations above. There exists a sequence
Proof. Let (D k ) be a partition of R as in the previous section: D 1 = ∆ and the restriction of π r to D k is one-to-one for every k and it is a Borel isomorphism onto its range Y k . Let us denote by f k the Borel map from
, and a k (x, y) = 0 otherwise; we also set
Then set u k = e A v k which belongs to N, A ; one gets u *
Lemma 2.3
The restriction of T r to B + is semifinite and
One has for b ∈ B + : T r(e k b) = T r(u k bu * k ) < ∞ for every k, hence T r| B + is a semifinite trace. Moreover, (v * k ξ 0 )(x, y) = 1 if y ∈ Y k and x = f k (y), and (v * k ξ 0 )(x, y) = 0 otherwise. We also remark that T r(e A T e A ) = e A T e A ξ 0 , ξ 0 for T ∈ N, A by definition of T r and by the equality e A N, A e A = e A A. This implies, for b ∈ B + :
Proof of Theorem 2.1 (1). Let ϕ be a positive definite function on R such that, for every ε > 0, ν({(x, y) ∈ R ; |ϕ(x, y)| ≥ ε}) < ∞.
We are going to prove first that there exists a completely positive, A-bimodular map Φ : N → N such that Φ(l s (a)) = l s (ϕa) for every finite function a on R (here, ϕa means pointwise multiplication), that τ • Φ ≤ τ and that T Φ belongs to J ( N, A ). Our definition of Φ is inspired by the proof of Theorem 3.1 in [5] . It follows from Gel'fand-Naimark-Segal construction (see also [8] , Proposition 1.1), that there exists a measurable field of separable Hilbert spaces (H x ) x∈X , a Borel unitary cocycle c on R such that c(x, y) is a unitary operator from H y to H x ∀(x, y) ∈ R and c(x, y)c(y, z) = c(x, z) ∀(x, y), (y, z) ∈ R, and there exists a bounded measurable section ξ : x → ξ(x) ∈ H x such that ξ(x) ≤ 1 ∀x and
for every (x, y) ∈ R. It follows from Part II of [2] that there exists a sequence of measurable sections (ε k (x)) k≥1 such that (ε k (x)) k≥1 is an orthonormal basis of H x for every x. Thus set ϕ k (x, y) = c(y, x)ξ(x), ε k (y) , which defines an element of B. Then the series
, and we define Φ on N by
Then Φ is obviously completely positive. Let us check that Φ(l s (a)) = l s (ϕa) for every finite function a: fix such a function a and η, ζ ∈ L 2 (R, ν); one has:
Let a ∈ L ∞ (X), let b be a finite function and let η ∈ L 2 (R, ν). Then one has for every (x, z) ∈ R:
Since Φ is completely positive, this proves that it is A-bimodular. Moreover,
As ν({(x, y) ∈ R ; |ϕ(x, y)| ≥ ε}) < ∞ for every ε > 0, we claim that T Φ belongs to J ( N, A ): indeed, T Φ = ϕ ∈ B, and by Lemma 2.3,
Now, let (ϕ n ) be a sequence as in Definition 1.2 and denote by (Φ n ) the corresponding sequence of completely positive maps on N . It remains to prove that for every finite function a on R, one has lim n→∞ Φ n (l s (a)) − l s (a) 2 = 0. But, as ϕ n converges ν-a.e. to one, and, as R |a| 2 dν < ∞, one gets the conclusion.
Before giving a proof of Part (2) of Theorem 2.1, we need some preliminaries. We set N = L(R, s) and we consider a completely positive, unital, normal, τ -preserving and A-bimodular map φ : N → N . We intend to associate with φ an element ϕ ∈ L ∞ (R) such that φ(l s (a)) = l s (ϕa) for every finite function a on R. First, recall from Lemma 1.2.1 of [6] , for instance, that there exists a unique map φ * having exactly the same properties characterized by
for all x, y ∈ N . Thus, in particular, T φ * = T * φ . As in [7] , we denote by GN (A) the normalizing groupoid of A in N : it is the set of all partial isometries v ∈ N such that vv * and v * v belong to A and vAv * = Avv * .
Lemma 2.4 If φ is as above then
This proves that Ψ(v)v * ≥ 0.
Let G be a countable group acting on (X, µ) such that R = R G is the set of all (x, gx), x ∈ X. Such a group always exists, by Theorem 1 of [3] . For g ∈ G, let Γ(g) ⊂ R be the graph of g −1 . Then its characteristic function χ Γ(g) is a finite function in the above sense and we set u(g) = l s (χ Γ(g) ). In fact, one has
Lemma 2.5 Let φ be as above, let g, h ∈ G and let E(g, h) = π l (Γ(g) ∩ Γ(h)) be the left projection of Γ(g) ∩ Γ(h) onto X. Then the two elements φ(u(g))u(g) * and φ(u(h))u(h) * of A ∼ = L ∞ (X) are equal a.e. on E(g, h).
Proof. If Γ(g) ∩ Γ(h) has zero measure, there is nothing to prove. So we assume that it has positive measure. Let e(g, h) ∈ A be the characteristic function of E(g, h). It is easy to see that e(g, h)u(g) = e(g, h)u(h). Hence
This ends the proof.
We are now ready to define the function ϕ on R associated to φ: First, for every g ∈ G, choose a Borel representative on the whole of X of φ(u(g))u(g) * , and denote by φ(u(g))u(g) * (x) its value at x ∈ X. Next, for every pair (g, h) ∈ G × G, set
which is a Borel set of zero measure. Set Z = g,h Z(g, h) and
. It is well defined and ϕ ∞ ≤ 1. Moreover, it is easy to see that φ(u(g)) = l s (ϕχ Γ(g) ) for g ∈ G, hence φ(l s (a)) = l s (ϕa) for every finite function a, by Proposition 2.4 of [4] . Moreover, one has: Lemma 2.6 ϕ is positive definite.
Proof. By the proof of Theorem 1 of [3] , G can be chosen so that there exists a sequence (g i ) in G such that g 2 i = 1 for every i and that R = i Γ(g i ). Thus, it suffices to prove that for every x ∈ X \ R(Z), for all λ 1 , ..., λ n ∈ C and all g 1 , ..., g n , one has:
As φ is completely positive, if we set x i = λ i u(g i ) and
which means here:
But b belongs to A. Indeed, one has for a ∈ A and for all i and j:
for almost every x ∈ X. Indeed, put g = g i and h = g j ; then one has for ξ ∈ L 2 (R, ν) and (x, z) ∈ R:
by a direct but tedious computation using the cocycle identity for s.
Proof of Theorem 2.1 (2) . Let (φ n ) be a sequence of completely positive, normal, Abimodular, trace-preserving maps on N such that T φn ∈ J 0 ( N, A ) and that φ n (x) − x 2 → 0 as n → ∞ for every x ∈ N . Replacing φ n by φ * n • φ n if necessary, we assume that T φn is a positive operator for every n. Let ϕ n be the positive definite function associated to φ n . By Lemma 2.4, ϕ n ≥ 0. Let us check that for every ε > 0,
This is done as follows: as in [4] , pp. 343-344, there is a Borel partition of R as R = g∈G D(g), so that D(g) ⊂ Γ(g) for every g, with D(1) = ∆. Let E(g) = π l (D(g)) and e(g) = χ E(g) . Set also v(g) = e(g)u(g). As in Lemma 2.2, one checks that v(g)e A v(g) * = χ D(g) , which gives a partition of unity in N, A . Moreover, if k is a positive integer, then, as in the proof of Lemma 2.3, one has, using Lemma 2.4:
(T r is the natural trace on N, A .) Thus one gets for every Borel function f on R + :
Taking f = e ε , one gets
Since T r(e ε (T φn )) < ∞, this proves the claim. At last, it is obvious that (ϕ n ) converges in measure to 1. Passing to a subsequence if necessary, we have proved the existence of a sequence of positive definite functions on R that satisfy all conditions of Definition 1.2. The proof of Theorem 2.1 is now complete.
Corollary 2.7 Let R be a measure preserving equivalence relation on (X, µ) and let µ be a probability measure on X which is equivalent to µ and preserved by R. If R has the Haagerup property with respect to µ then it has the same property with respect to µ .
Proof. Let τ (resp. τ ) be the finite faithful trace on L(R) given by µ (resp. µ ). If R has the Haagerup property with respect to µ, then the pair A ⊂ L(R) has the relative property H with respect to τ , hence with respect to τ , by Proposition 2.2 of [6] . Applying Theorem 2.1 once again, R has the Haagerup property with respect to µ .
Finally, following [6] , 1.4.3, if A is a Cartan subalgebra of a type II 1 factor N , if(ergodic) equivalence relation R by t is the equivalence relation obtained by reducing the equivalence relation R × D n to a subset of measure t/n, where D n is the ergodic equivalence relation on the n points set. The following corollary is a consequence of Theorem 2.1 and of Corollary 2.5 of [6] :
Corollary 2.8 Let R be an ergodic standard equivalence relation on the probability space (X, B, µ). Then the following conditions are equivalent:
(1) R has the Haagerup property;
(2) there exists a number t > 0 such that R t has the Haagerup property;
(3) R t has the Haagerup property for every t > 0.
Consequences
As is well known, the Haagerup property for locally compact groups is characterized by the existence of a proper, conditionally negative definite function (see [1] ). We prove below that it is also the case for an equivalence relation. Our proof is an adaptation of the group case: see Theorem 2.1.1. of [1] . Thus, let R ⊂ X × X be a standard equivalence relation as in the previous sections. A Borel function ψ : R → R is conditionally negative definite if ψ = 0 on the diagonal ∆, if it is symmetric and if, for every x ∈ X, for all λ 1 , ..., λ n ∈ C such that i λ i = 0 and all x 1 , ..., x n ∈ R(x), one has i,j
It is easy to see that such a function has in fact values in R + .
Proposition 3.1 Let R be as above. Then the following conditions are equivalent:
(2) there exists a Borel conditionally negative definite function ψ on R which is proper in the following sense: for every L > 0, one has ν({(x, y) ∈ R ; ψ(x, y) ≤ L}) < ∞.
Proof.
(1) ⇒ (2): Choose a countable group G such that R = R G , and choose an increasing sequence of finite subsets 1 ∈ F 1 ⊂ F 2 ⊂ ... ⊂ G such that n F n = G. Choose also sequences (α n ) and (ε n ) ⊂ R * + such that α n increases to +∞, ε n decreases to 0 and such that n α n ε n < ∞. Next choose a sequence of Borel positive definite functions (ϕ n ) on R as in Definition 1.2 such that ϕ n ≥ 0, ϕ n = 1 on the diagonal ∆ and such that the associated completely positive map Φ n on L(R) satisfies:
where u(g)is the element of N (A) defined by (u(g)ξ)(x, z) = ξ(g −1 x, z) for every ξ ∈ L 2 (R) and every (x, z) ∈ R. Let E n = {x ∈ X ; ∃g ∈ F n s.t. |ϕ n (x, g −1 x) − 1| ≥ ε n }. Then µ(E n ) ≤ ε n , and for every x ∈ X \ E n and every g ∈ F n , one has |ϕ n (x, g
as n → ∞. Thus Y = n X \ X n is a conull Borel subset of X, and for every x ∈ Y and every g ∈ G, there exists an integer m such that |ϕ n (x, g −1 x) − 1| ≤ ε n for every n ≥ m.
Then the series converges pointwise on a conull subset S of R by the choices made and it is a conditionally negative definite function on R if ψ is defined to be 0 on R \ S . Fix L > 0; if n is large enough in order that 1 − , and if (x, y) ∈ R is such that
. This proves that ψ satisfies condition (2). (2) ⇒ (1): If ψ is as in (2), set, for t > 0, ϕ t = e −tψ , which is a non negative-valued function. By Schoenberg's theorem, ϕ t is positive definite. Finally, if 0 < ε < 1 is given, then one has for (x, y) ∈ R: ϕ t (x, y) ≥ ε if and only if ψ(x, y) ≤ − ln(ε) t . This proves that R has the Haagerup property.
Remark. Let G act on X so that R = R G . If the action of G is essentially free, then R has the Haagerup property if and only if G has this property. Indeed, in such a case, the pair (A ⊂ L(R)) is isomorphic to (A ⊂ A G), and Proposition 3.1 of [6] applies. If the action is not essentially free, it seems that there is no relationship between the Haagerup properties for G and for R G . Indeed, on the one hand, take a free action on X of some countable group Γ which does not have the Haagerup property. Then the associated equivalence relation R does not have that property either. Take also a free group F such that Γ is a quotient of F . Then F acts on X, F has the Haagerup property, but the equivalence relation R F = R Γ does not have the Haagerup property. On the other hand, take a free action of F on some probability space Y ; then the direct product group F × Γ acts on Y , and R F ×Γ = R F has the Haagerup property while F × Γ does not. Nevertheless, the next proposition shows that the Haagerup property for R = R G prevents G from having property T. Proposition 3.2 Let R ⊂ X×X be an ergodic equivalence relation which has the Haagerup property and let G be a countable group acting on X such that R = R G . Then G does not have property T.
Proof. Let A ⊂ L(R) be the Feldman-Moore pair associated to R. For g ∈ G denote by u(g) the element of N (A) as in the proof of Proposition 3.1. Since L(R) corresponds to the trivial 2-cocycle, this gives a unitary representation of G in N (A). Denote by α g the automorphism of A given by α g (a) = u(g)au(g −1 ). Then L(R) is generated by A ∪ {u(g) ; g ∈ G}. Next, choose a sequence (φ n ) of unital, completely positive, Abimodular maps on the factor N := L(R) such that τ • φ n = τ , T φn ∈ J ( N, A ), φ * n = φ n for every n and such that φ n (x) − x 2 → 0 as n → ∞ for every x ∈ N . Denote also by H n the correspondence from N to N associated to φ n : it has a unital, cyclic vector ξ n which satisfies (a) x 1 ξ n y 1 , x 2 ξ n y 2 = τ (φ n (x * 2 x 1 )y 1 y * 2 ) ∀x 1 , x 2 , y 1 , y 2 ∈ N ; (b) aξ n = ξ n a ∀a ∈ A.
Denote by H A n the subspace of H n of elements ξ such that aξ = ξa for every a ∈ A. For g ∈ G and ξ ∈ H A n set π n (g)ξ = u(g)ξu(g −1 ). Then π n (g)ξ ∈ H A n : indeed, if a ∈ A, we have a(π n (g)ξ) = u(g)α g −1 (a)ξu(g −1 ) = (π n (g)ξ)a. If G has property T, there exists an integer n and a unit vector η ∈ H A n such that η − ξ n ≤ 1/8 and that u(g)ηu(g −1 ) = η for every g. Thus η is an N -central unit vector: xη = ηx for every x ∈ N . By uniqueness of τ , one has τ (x) = xη, η ∀x ∈ N . As n is fixed, write φ instead of φ n , ξ instead of ξ n and denote by T the operator in J ( N, A ) given by T (xξ 0 ) = φ(x)ξ 0 where ξ 0 ∈ L 2 (R) is the trace vector such that τ (x) = xξ 0 , ξ 0 ∀x ∈ N . Since A is a Cartan subalgebra of N , by Corollary 2.5 of [7] , there exists a sequence (u n ) ⊂ N (A) such that E A (u * n u m ) = 0 ∀n = m. Hence, by Proposition 1.3.3 of [6] , the sequence ( T (u n ξ 0 ) ) has to converge to 0. But
But u n η, ηφ(u n ) = τ (u n φ(u * n )) = τ (φ(u n )u * n ) = u n ξ, ξu n since φ * = φ. Thus, | u n η, η(φ(u n ) − u n ) | = | u n ξ, ξu n − u n η, ηu n | ≤ 2 ξ − η .
As ξ − η ≤ 1/8, this implies that T (u n ξ 0 ) 2 ≥ 1/2 for every n, which is impossible. Hence G cannot have property T.
We end the present section with a result that gives a sufficient condition on R G in order that G has the Haagerup property if R G does. For g ∈ G, set X g = {x ∈ X gx = x}. We say that the action of G is measure proper if for every ε > 0, the set of g ∈ G such that µ(X g ) ≥ ε is finite.
Proposition 3.3
Assume that the action of G is measure proper and that R G has the Haagerup property. Then G has the Haagerup property.
Proof. Let Φ n : L(R) → L(R) be as in the definition of relative property H. Define ϕ n (g) = τ (Φ n (u(g))u(g) * ) for g ∈ G. As is well known, ϕ n is positive definite and ϕ n (g) → 1 as n → ∞. It remains to check that ϕ n belongs to C 0 (G). For fixed g ∈ G, E A (u(g) * u(h)) 2 → 0 as h tends to infinity of G because E A (u(g )) = χ X g for every g . By Proposition 1.3.3 of [6] , Φ n (u(h)) 2 → 0 as h tends to infinity of G. This implies that ϕ n (h) → 0 as h tends to infinity of G.
We don't know whether the converse of the above proposition is true, namely, if the action is measure proper and if G has the Haagerup property does R = R G have the same property ?
